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5) Figure 2 indicates very good comparisons with previous
work? (fuel minimization for specified energy of escape).
Even for large radial distance r, the control angle ¢ = tan—!
[d./85] = tan~1[y] is very close to the direction of optimal
increase of energy.

6) Good performance of the guidance scheme utilized in the
paper depends upon J; and J; being close together. Reference
9 indicates that the guidance equations applied to Jy or Js
have negligible differences. A future paper by the authors
will discuss the problem of decreasing thrust magnitude with
altitude and will develop a compensating control scheme.
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Optimum Estimation and Coordinate Conversion for

Radio Navigation

W. D. Barp* anp T. E. PerrrTT
Lear Siegler Inc., Instrument Division, Grand Rapids, Mich.

Radio navigation aids such as OMEGA and LORAN can provide many hyperbolic lines of
position (LLOP’s) that, in general, do not have a common point of intersection. This paper
describes a technique that uses the extra LOP’s which are linearly independent to provide
the most probable receiver location in geodetic coordinates. The approximate nonlinear
algebraic equations that maximize the a posteriori density function are given and a two-
dimensional Newton-Raphson scheme presented for their solution. The covariance of the
geodetic estimation error is shown to be the inverse of the Jacobian matrix associated with
the Newton-Raphson scheme for small measurement noise. This matrix is used to develop
accuracy contour plots for the four OMEGA transmitting sites that are presently on the air.
An improvement in OMEGA accuracy of about one-half mile can be expected when this four
station technique is used to replace a conventional three station coordinate conversion scheme.

Nomenclature

receiver latitude and longitude, respectively

estimates of ¢ and A, respectively

time-of-arrival of signal from the 4th transmitter

geodetic distance between receiver and sth transmitter

speed of light

number of transmitters

(n — 1) X 1 vector of distance differences

(n — 1) X 1 vector of time differences

(n — 1) X 1 vector of time difference errors

(n — 1) X 1 vector equal to T — (1/¢)D

(n — 1) X (n — 1) covariance matrix of time difference
errors

= variance of time of arrival measurement from the 7th

transmitter
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B; = azimuth angle of transmitter ¢ measured at receiver
R = earth radius
Cr(2) = number of combinations of n things taken two at a time

Introduction

HE expansion of the OMEGA hyperbolic navigation

system to include eight ground based radio transmitters
poses questions of the following type: 1) if redundant lines
of position (LOP’s) are available with many intersecting
points, how should the information be combined to provide
the most probable position of the receiver? 2) neglecting
lane ambiguity, should all the LOP’s or even possibly all the
intersection points of the LOP’s be used in calculating the
most probable receiver location? 3) is it necessary to co-
ordinate convert all the LOP information to geodetic co-
ordinates before statistically averaging or can the averaging
and coordinate conversion be done simultaneously?

This paper answers these questions by describing a tech-
nique that uses the minimum LOP information necessary to
obtain a most probable estimate of receiver location. The
estimate is obtained in the desired geodetic coordinate system
directly from hyperbolic time difference information, i.e.,
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the estimation and coordinate conversion are performed
simultaneously.

An error analysis was reported by Marchancl1 in 1964 that

obtained the error distribution of the most probable esti-
mator without actually obtaining explicit equations for the
estimator. His analysis, however, assumes that the errors in
the C.(2) hyperbolic lines of position available from n trans-
mitters are statistically independent. We show here that
only » — 1 of the errors are even linearly independent and
that these are in general strongly correlated. Our error
analysis corrects this deficiency and displays the actual
aceuracy of the estimator in terms of contour plots.

Development of Estimator Equations

For this analysis, we assume that 1) there are C,(2) time
of arrival difference measurements available from = radio
transmitters, 2) predictable errors due to changing propaga-
tion velocities are removed, 3) the mean of the time differ-
ence measurement errors are zero, i.e., the corrected time
differences averaged over many months of operation provide
LOP’s that pass through the actual position of the receiver,
and 4) lane ambiguities due to periodicity of the r.f. wave-
form are removed.

The most probable receiver location after C,(2) time
difference measurements are taken is determined by maxi-
mizing the conditional joint probability density function of
the geodetic receiver coordinates.? In notational form,
the most probable receiver location, (X,$), maximizes the a
posteriori density function oo

PGl — ot — by v, b

over all X and ¢.

In formulating the a posteriori density functmn however,
not all C.(2) time difference measurements are required.
Only n — 1 are linearly independent and the remaining ones
are deterministically related to these. In matrix form

- t3,. ey tn_l - tn)

it — 7
s — &
(41
2]
. : t3
o=t | =M ] )
t3 - t?, . .
tn
Ltn —' tn—l"J
B 2
14 (1)
g1
I (20 ] 1
IK |
. 9 1
E{’ [6162, . ,Gn_l]i = 01
| Leanr J
1

where {; is the time of arrival of the #th transmitted signal
and M*is a C,(2) X n matrix of zeros except for a single plus
and minus one in each row. The rank of M* is no greater
thann — 1 since the sum of any n — 1 columns is equal to the
negative of the remaining column. Thus, there is a maxi-
mum of #n — 1 linearly independent time difference measure-
ments. There are, however, n — 1 independent measure-
ments available. Since it is unimportant which set is used,
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it is convenient to select

b — 4
t3 — U

I
=

n— b

as the linearly independent set.

Since the time differences between all stations can be com-
puted by simply subtracting the appropriate measured entries
of T, the C(2) time differences convey no more information
about the receiver location than do the entries of T. It
therefore follows that

PN — fots ~ b, vt — By e s ey — 1)

pONBlts — Bt — byt — 8) (D)

Applying Bayes’ theorem to the right-hand side of (2)
provides

PGt — ity — by, oo e — b)) =

plls — tts — 1, . . .t — BING)PONP)  (3)
plts — bt — ty o o e — 1)

The denominator of (3) is constant with respect to ¢ and
A and may be ignored in the maximizing process. Likewise,
the a priori distribution on the receiver coordinates, p(\,¢), is
very “broad’ and essentially constant near the maximiim- bf
(3) and may also be ignored. Thus, the most probablé re-
ceiver location is the pair (},4) that maximizes

it — tING) )

over all ¢ and N. In words, (4) is the probability density of
the n — 1 time difference measurements conditioned on the
fact that the receiver is located at the point (\,¢).

The actual form of (4) is generated by assuming that the
arrival time errors are statistically independent from one
station to another and have a gaussian distribution. Inde-
pendence appears reasonable, for example, for the OMEGA
navigation system since the primary source of error is the
inaccurate diurnal phase correction applied to the arrival
time of each station. The corrections are based on (among
other things) the geography and path- length between
the receiver and transmitter. Since the paths are normally
quite dissimilar, the independence assumption is reasonable.
Experimental results® indicate that the predicted time of
arrival errors for OMEGA are nearly gaussian.

Letting e; represent the error in the time difference measure-
ment, &1 — &, we define

plts — tifs — &, - . .

H
—
+
N
22
o~
—
I
e
N
\O-}

. . ,

1 , 14+ (‘1>
g1/ .

where ;2 is the variance of the ¢th time of arrival error.

We assume that each o is either known or measured.
The form of (4) can now be written as

p(tg — tl,t3 it tl, e ,tn _ tll)\yd)) =

1

(@0 derjn P ~ESTE ()
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where
tr — i — (1/c)[do(@,\) — di(¢p,N)]
ts — ti — (1/¢)[ds(@,\) — di(,N)]
S = : )

Lte = & — /01N — déN)]

Here, ¢ is the veloeity of light and di(¢,\) is the geodetic
distance between transmitter ¢ and a receiver located at the
point (A,¢).

Maximizing (6) is the same as minimizing the quadratic
exponent

VingT) = 38718 ®)

over all ¢ and N\. Two necessary conditions for (8) to be.

minimum are

oV /8N

V=828 =0 (9)
and
oV/ép = Vg

By virtue of the distances d, the vectors Sy, S,, and S are
all nonlinear functions of the receiver location A and ¢. The
roots of the two nonlinear algebraic equations (9) and (10)
represent the most probable receiver location (\,$). Thus,
if » — 1 measured, linearly independent time differences are
substituted into (9) and (10) and these equations are solved,
the results provide the most probable receiver location (X,¢)
expressed in geodetic coordinates.

S8 = 0 (10)

If
Il

Iteration Technique

The practical solution to the algebraic equations (9) and
(10) requires an iterative scheme that converges rapidly
and is simple to implement. For these equations, the two-

Table 1 Mean absolute error convergence of 50 cases
for 10 locations

Second
iteration
mean error, {t

First iteration

True position Initial bias, it mean error, ft

Lon Lat Lon Lat Lon Lat Lon Lat
160° 45° 10712 7980 22.84 28.86 0.01 0.03
140° 45° 7396 8634 32.59 25.36 0.05 0.05
120° 45° 7148 9923 29.77 12.37 0.03 0.02
100° 45° 5806 8421 19.26 10.10 0.02 0.04
80° 45° 5896 7097 - 33.56 15.86 0.08 0.08
60° 45° 7760 8140 16.40 13.07 0.03 0.03
40° 45° 9011 8793 15.92 44.05 0.01 0.10
20° 45° 10553 12010 19.33 60.37 0.02 0.20
0 45° 14691 14108 38.25 74.22 0.10 0.31
—20° 45° 29610 - 30592 202.40 218.61 1.93 2.29

dimensional Newton-Raphson technique satisfies these re-
quirements plus has one other important feature. It is
established in Appendix B that, for small measurement noise,
the inverse Jacobian matrix of the Newton-Raphson tech-
nique is also the covariance of the geodetic estimation error.
It is especially important to have this covariance matrix
available if the estimates A and ¢ are to be subsequently
combined with other independent navigation aids. The
matrix may also be used to display error bounds on both
¢ and R.

Expressed in terms of the partial derivatives of V, the
Newton-Raphson scheme is

[.-Gl-D o

J = Va Vqsx]
Ve o Vesls

[i]

is an initial position estimate. As developed in Appendix A,
these equations can be expressed in terms of the following
known or approximately known quantities: 1) the latitude
and longitude of the initial position estimate, 2) the geodetic
distances (d;) between the transmitter and the initial position
estimate, 3) the azimuth angles (6:), and 4) the observed time
differences (T).
In detail, the equations are

V)\ = S')\Q"IS, Vq; = S'¢¢_1S, V)\)\ = S’)\é_lS)‘

where

and

(12)
Ve = 88718, Vg = 8’32718,

Table 2 Comparison of predicted and simulation
standard deviations

Predicted from
Jacobian, ft

Computed from

True position simulation, ft

Lon Lat Lon Lat Lon Lat
160° 45° 11900 6600 11700 6500
140° - 45° 8200 9000 8400 8200
120° 45° 6500 10000 6400 8000
100° 45° 6200 9400 5300 8800
80° 45° 7000 7300 6600 7900
60° 45° - 7800 7000 8200 7100
40° 45° 9300 8700 8900 8500
20° 45° 11700 12200 11700 12000
0 45° 18500 18700 18800 17500
--20° 45° 32500 35200 34600 36500
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The tth component of the partial derivatives of S is

98;/ON = —(R/¢) cosd(coshiy — cosh)
(13)
Js:/0¢ = (R/c¢)(siny — sindy)

It is also shown in Appendix A that the Jacobian matrix
J is nonsingular if operation is restricted away from the
earth’s poles and at least 3 stations have different azimuth
angles. Thus, for all cases of practical interest, the Newton-
Raphson scheme converges.*

Simulation Results

To illustrate the speed of convergence of this technique,
time of arrival measurements from four OMEGA stations
at Aldra, Trinidad, Forestport, and Haiku were simulated.
Gaussian random numbers with a standard deviation of 10
centicycles (cees) (or equivalently 1.6 naut miles) were used
to simulate the measurement errors. This standard devi-
ation was selected on the basis of experimental results re-
ported in Ref. 3.

For each of several positions within the converge area,
the Newton-Raphson procedure was simulated using a ran-
dom initial position estimate. Table 1 summarizes the re-
sults of 50 such cases at each of ten locations, showing mean
absolute errors for each iteration and for the final estimate.
Table 2 shows the standard deviations of the geodetic esti-
mation errors as computed from the 50 cases and as pre-
dicted by the Jacobian matrix entries. It is noteworthy
that convergence is somewhat slower for those locations lying
in poorer regions of the coverage area. Sufficient accuracy
is always achieved, however, after two iterations are per-
formed.
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Estimation Accuracy

To demonstrate the desirability of this approach, the
estimation accuracy as determined by the entries of the
Jacobian matrix are plotted as accuracy contour maps in
Figs. 1 and 2 for all four stations. Again, time of arrival
errors of 10 cecs are assumed. Figures 3 and 4 show the
standard deviations resulting from the use of only three
stations, Forestport, Trinidad, and Haiku, with the shaded
areas indicating “good” coverage areas for these three sta-
tions. Figure 5 indicates the improvement found by using
four stations instead of three. The statistic that is compared
in Fig. 5 is the square root of the sum of the latitude and
longitude variances.

The most significant point here is the improvement dis-
played in Fig. 5. In areas that are considered to be good by
a conventional coordinate conversion scheme, the technique
described in this paper (using four stations) provides a
conservative one-half mile average increase in navigational
aceuracy.

Conclusions

The technique presented in this paper provides a means
of simultaneously combining redundant hyperbolic lines of
position and performing coordinate conversion. The tech-
nique converges rapidly and is simple enough to be imple-
mented on a small airborne  digital computer. The im-
provement in accuracy that this technique offers over con-
ventional coordinate conversion using only three stations
is significant -for the OMEGA navigation system. As a
by-product of the technique, the covariance of the geodetic
estimation errors is available as part of the iteration equations.
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Appendix A: Equation Development
for the Newton-Raphson Scheme

‘,",ITZI“he equation development and the geometrical approxima-
tions used for the Newton-Raphson scheme follow. The
partial derivatives of V of Eq. (8) are given by

8\®718, Vg = 8/,®71S

S\ 718\ + S\ @18 (A1)
Vae = SHh®718 + S0 78

V¢¢ = S’¢<I>‘1S¢ —+ S’¢¢<1>"IS

<
z
[ I

Hence, the problem is reduced to expressing the vectors
S, 88,5 Sae, and Sge in simple terms of known or approxi-
mately known quantities.

The +th component of S is

si = [tin — tn — (1/0)({din — d)]

Now consider the rectangular coordinate system of Fig.
6 defined at the present position \ and ¢.
Figure 6 provides

0d;/dx = lim AdsAx = —cosf;

Ax—0
Likewise
dd;/dy = lim Ad/Ay = —sinb;
Ay—0
For large transmitter to receiver distances, @; is essen-
tially constant in the region of interest. Hence
0d;/dx? = (sind;)00;/0x = 0 (A2)
and
0%d;/0xdy = 0%:/oy* = 0 (A3)
Thus, the terms involving Syy, Syg, and Sge in (A1) can be
neglected.

NOTE: COMPARISON STATISTIC iS R.S.S OF LATITUDE
AND LONGITUDE STANDARD DEVIATIONS
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e
T

150 130 1o 90 70
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Fig. 5 Accuracy improvement of four vs three stations.
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Considering the earth to be a perfect sphere for evaluating
the partial derivatives provides

oz/ON = —R cos¢ (A4)
and
oy/o¢p = R (A5)

Thus, the necessary partial derivatives of the vector S are
expressable as a simple function of the approximately known
latitude angle and transmitter azimuth angles. In detail

Js:i/ON = —(R/c) cosg(cosbiyy — cosbh) (A6)
and
Js:/0¢ = (R/c)(sinfiy — sind) (A7)

Jacobian Inverse

The implementation of this scheme requires the inverse of
the Jacobian matrix given in Eq. (11). It is asserted that
the inverse of this matrix always exists at (\.@) if at least
three stations have different azimuth angles and operation
is restricted away from the earth poles. The proof of this

statement follows.
From Eqs. (11) and (12) J is equal to

8\ 278, Sy ‘I’_IS)\] 5 N PR ‘
[S’x 818, Sy ®8,| " L&, ®1[8,:84] (AS)

For nonzero o;, ® and &' are positive definite. The
Jacobian J is therefore positive definite if the rank of [S,iSy]
is two. But assume ‘

[Sy:84] =
—(R/c) cos¢p(cosfs — costy) (R/c)(sind, — sinfy)

—(R/c) cos¢(0(;s0n — cosh) (R/c) (sinﬁ,ll — sinfy)

is of rank one, 8y, 6, and 6; are the different angles, and opera-

Fig. 6 Local coordinate system.
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tion is restricted away from the poles, i.e., cos¢p 2 0. Then
for some constant o, 0 < a < 27

sina(cosfip — cosbr) = cosa(sind;; — sinéy)
for 7 = 1,2. In other words »
sino cosfi.1 — cosa sinf;y; = sina cosfy — cosa sind
or
sin(fa — 6 = sin(a — 8;) = sin(a — 6y)

Since the sine function is double valued in the interval [, +
27], two of the azimuth angles must be equal. But, this is a
contradiction. Hence, if operation is restricted away from
the earth poles and at least three stations have different azi-
muth angles, then J(¢,£) is nonsingular.

Appendix B: Error Analysis

It is asserted that for small measurement noise, the co-
variance of the geodetic estimation error is the inverse of the
Jacobian matrix in Eq. (11). To prove this, let ¢ be the
(n — 1) X 1 veetor of time difference errors with ¢th com-
ponent

t1 - (1/6)(di+1 - dl) Z = 1,213, B (2 1

From Eqs. (9) and (10), the estimates \(e) and (=) must
satisfy

€ = iy —

Valk(e),$(e),e] =0
and
V¢[X(2))J)(€),€] =0

for all e. Differentiating these equations with respect to the
first component of € provides

V)\)\DX/D& + VM,DJ)/O& + bV)\/b& = 0 (Bl)

and
ok | 26 oV,
Vorog, T Vee b, T 08,

Repeating the differentiation with respect to the remaining
components of € provides the matrix equation

Vao Ve :I I:Z\'s] _ [ Ve ]
l: Van Voo ®'s Ve (B3?

v 2]
7 108,08 08,
0¢ 09 303]
681 382”.38%1

(ﬁlez[
v - [0 20
V’¢e=|:

=0 (B2)

where

681 682 agn—l

AV, 2V, OV, ]
08, 08, " dBus

From Eq. (11),

J = [V)\)\ V¢)\]
Vae Voo

Since J is symmetric and nonsingular for all cases of

interest,
X’s:l = —J-1 |:~__’_>:f‘3 ]
I: ¢IS I V’¢g (B4)

Now, consider a Taylor series expansion of X and ¢ about
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e = 0,
. sty )\
e —RO) = 30 o+ € -+ 0(e?) (B5)
=1 08 le=0
and
R R n—1 aé‘)
d(e) — d0) = X =1 & + 08D (B6)
=1 08:]g=0

Neglecting 0(&,%) terms for small noise, we have

A(e) — A(0) ] _ [Ax] _ e ]s
o) — o) 1 LAg d's
The expected value of AN and A¢ is zero for zero mean
measurement noise. The covariance of AN and A¢ is

Bl g] AM} =[5 ] preenina

where E is the expected value operator. However
Elee’] = @ (B8)
Substituting (B8) and (B4) into (B7) provides

AN? ANAd | Ve _
E[A)\Agb Ap? ]_J 1|:V’¢8:I<I)[V)\8V¢8]J (B9

where the right-hand side is evaluated at ¢ = 0. Since

e=0 (B7)

Yy = 8,78
and
Ve = S'@718
it follows that
( 1 [17]
. 0 0
0 0
Veale=0 = {IS')\&@_IS + 8,1 0 = 8Hho
{ | 01)e=0 1 0 ls—0
(B10)
Continuing for all components of & on both V and V4 pro-
vides
V'm] - [S'X} P Bl1
I:V'q&s - LS de=0 (B

Substituting (B11) into (B9) and observing from Eqgs. (11)
and (12) that

| - S'x:l -
Tl = Lar]emss
provides
AN? ANAG | _ S
E Mas agt] =77, (B12)

for sufficiently small noise. The assertion of this section is,
therefore, verified.
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