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5) Figure 2 indicates very good comparisons with previous
work2 (fuel minimization for specified energy of escape).
Even for large radial distance r, the control angle \f/ = tan"1

[dr/de] = tan"1 [17] is very close to the direction of optimal
increase of energy.

6) Good performance of the guidance scheme utilized in the
paper depends upon Ji and /2 being close together. Reference
9 indicates that the guidance equations applied to J\ or J%
have negligible differences. A future paper by the authors
will discuss the problem of decreasing thrust magnitude with
altitude and will develop a compensating control scheme.
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Optimum Estimation and Coordinate Conversion for
Radio Navigation

W. D. BARD* AND T. E.
Lear Siegler Inc., Instrument Division, Grand Rapids, Mich.

Radio navigation aids sucli as OMEGA and LORAN can provide many hyperbolic lines of
position (LOP's) that, in general, do not have a common point of intersection. This paper
describes a technique that uses the extra LOP's which are linearly independent to provide
the most probable receiver location in geodetic coordinates. The approximate nonlinear
algebraic equations that maximize the a posteriori density function are given and a two-
dimensional Newton-Raphson scheme presented for their solution. The covariance of the
geodetic estimation error is shown to be the inverse of the Jacobian matrix associated with
the Newton-Raphson scheme for small measurement noise. This matrix is used to develop
accuracy contour plots for the four OMEGA transmitting sites that are presently on the air.
An improvement in OMEGA accuracy of about one-half mile can be expected when this four
station technique is used to replace a conventional three station coordinate conversion scheme.

Nomenclature

0,X = receiver latitude and longitude, respectively
$,£ = estimates of (f> and X, respectively
ti = time-of-arrival of signal from the ith transmitter
di = geodetic distance between receiver and iih transmitter
c = speed of light
n = number of transmitters
D = (n — 1) X 1 vector of distance differences
T = (n — 1) X 1 vector of time differences
e = (n — 1) X 1 vector of time difference errors
S = (n - 1) X 1 vector equal to T - (l/c)D
$ = (n — 1) X (n — 1) covariance matrix of time difference

errors
<r;2 = variance of time of arrival measurement from the ith

transmitter
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14, 1968; submitted August 22, 1968; revision received June
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programs that are contained in this paper.
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6i = azimuth angle of transmitter i measured at receiver
R = earth radius
Cn(2) = number of combinations of n things taken two at a time

Introduction

THE expansion of the OMEGA hyperbolic navigation
system to include eight ground based radio transmitters

poses questions of the following type: 1) if redundant lines
of position (LOP's) are available with many intersecting
points, how7 should the information be combined to provide
the most probable position of the receiver? 2) neglecting
lane ambiguity, should all the LOP's or even possibly all the
intersection points of the LOP's be used in calculating the
most probable receiver location? 3) is it necessary to co-
ordinate convert all the LOP information to geodetic co-
ordinates before statistically averaging or can the averaging
and coordinate conversion be done simultaneously?

This paper answers these questions by describing a tech-
nique that uses the minimum LOP information necessary to
obtain a most probable estimate of receiver location. The
estimate is obtained in the desired geodetic coordinate system
directly from hyperbolic time difference information, i.e.,
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the estimation and coordinate conversion are performed
simultaneously.

An error analysis was reported by Marchand1 in 1964 that
obtained the error distribution of the most probable esti-
mator without actually obtaining explicit equations for the
estimator. His analysis, however, assumes that the errors in
the Cn(2) hyperbolic lines of position available from n trans-
mitters are statistically independent. We show here that
only n — 1 of the errors are even linearly independent and
that these are in general strongly correlated. Our error
analysis corrects this deficiency and displays the actual
accuracy of the estimator in terms of contour plots.

Development of Estimator Equations

For this analysis, we assume that 1) there are Cn(2) time
of arrival difference measurements available from n radio
transmitters, 2) predictable errors due to changing propaga-
tion velocities are removed, 3) the mean of the time differ-
ence measurement errors are zero, i.e., the corrected time
differences averaged over many months of operation provide
LOP's that pass through the actual position of the receiver,
and 4) lane ambiguities due to periodicity of the r.f. wave-
form are removed.

The most probable receiver location after Cn(2) time
difference measurements are taken is determined by maxi-
mizing the conditional joint probability density function of
the geodetic receiver coordinates.2 Jn notational form,
the most probable receiver location, (\,4>), maximizes the a
posteriori density function , ; , ( ;

P(\<t>\ti — Ml — tS,. . . ,tz — tSr . . , tn-l — tn)

over all X and <t>. i
In formulating the a posteriori density function, however,

not all Cn(2) time difference measurements are required.
Only n — 1 are linearly independent and the remaining ones
are deterministically related to these. In matrix form

it is convenient to select

tn ~ = M* (1)

E

1 + u
1

1

where ti is the time of arrival of the ith transmitted signal
and M * is a Cn(2) X n matrix of zeros except for a single plus
and minus one in each row. The rank of M* is no greater
than n — I since the sum of any n — 1 columns is equal to the
negative of the remaining column. Thus, there is a maxi-
mum of n — 1 linearly independent time difference measure-
ments. There are, however, n — 1 independent measure-
ments available. Since it is unimportant which set is used,

as the linearly independent set.
Since the time differences between all stations can be com-

puted by simply subtracting the appropriate measured entries
of T, the (7n(2) time differences convey no more information
about the receiver location than do the entries of T. It
therefore follows that

P(M«2 - M3 - <!,. • • ,tn - fe) (2)

Applying Bayes' theorem to the right-hand side of (2)
provides

- Ms - h , . . . ,tn - t^ =

p(tz — Ms — ti, . . . ,tn —
(3)

The denominator of (3) is constant with respect to 0 and
X and may be ignored in the maximizing process. Likewise,
the a priori distribution on the receiver coordinates, p(\ ,<!>), is
very "broad" and essentially constant near the maximum of
(3) and may also be ignored. Thus, the most probable' re-
ceiver location is the pair (\,$) that maximizes

- Ms - (4)

over all 0 and X. In words, (4) is the probability density of
the n — 1 time difference measurements conditioned on the
fact that the receiver is located at the point (X,<£).

The actual form of (4) is generated by assuming that the
arrival time errors are statistically independent from one
station to another and have a gaussian distribution. Inde-
pendence appears reasonable, for example, for the OMEGA
navigation system since the primary source of error is the
inaccurate diurnal phase correction applied to the arrival
time of each station. The corrections are based on (among
other things) the geography and path length between
the receiver and transmitter. Since the paths are normally
quite dissimilar, the independence assumption is reasonable.
Experimental results3 indicate that the predicted time of
arrival errors for OMEGA are nearly gaussian.

Letting e* represent the error in the time difference measure-
ment, ti+i — ti, we define

1

1 +1 -
^°"l

1 +

+ fe)'

(5)

where a? is the variance of the ith time of arrival error.
We assume that each <r» is either known or measured.

The form of (4) can now be written as

> exp -4 (6)
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Fig. 2 Longitude
accuracy plots (four

stations).
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The ith component of the partial derivatives of S is

= — (R/c) cos<£(cos0»+i — cos#i)

CR/c) (sin;+i — sin ft)
(13)

It is also shown in Appendix A that the Jacobian matrix
J is nonsingular if operation is restricted away from the
earth's poles and at least 3 stations have different azimuth
angles. Thus, for all cases of practical interest, the Newton-
Raphson scheme converges.4

Simulation Results

To illustrate the speed of convergence of this technique,
time of arrival measurements from four OMEGA stations
at Aldra, Trinidad, Forestport, and Haiku were simulated.
Gaussian random numbers with a standard deviation of 10
centicycles (cecs) (or equivalently 1.6 naut miles) were used
to simulate the measurement errors. This standard devi-
ation was selected on the basis of experimental results re-
ported in Ref . 3.

For each of several positions within the converge area,
the Newton-Raphson procedure was simulated using a ran-
dom initial position estimate. Table 1 summarizes the re-
sults of 50 such cases at each of ten locations, showing mean
absolute errors for each iteration and for the final estimate.
Table 2 shows the standard deviations of the geodetic esti-
mation errors as computed from the 50 cases and as pre-
dicted by the Jacobian matrix entries. It is noteworthy
that convergence is somewhat slower for those locations lying
in poorer regions of the coverage area. Sufficient accuracy
is always achieved, however, after two iterations are per-
formed.

Estimation Accuracy

To demonstrate the desirability of this approach, the
estimation accuracy as determined by the entries of the
Jacobian matrix are plotted as accuracy contour maps in
Figs. 1 and 2 for all four stations. Again, time of arrival
errors of 10 cecs are assumed. Figures 3 and 4 show the
standard deviations resulting from the use of only three
stations, Forestport, Trinidad, and Haiku, with the shaded
areas indicating "good" coverage areas for these three sta-
tions. Figure 5 indicates the improvement found by using
four stations instead of three. The statistic that is compared
in Fig. 5 is the square root of the sum of the latitude and
longitude variances.

The most significant point here is the improvement dis-
played in Fig. 5. In areas that are considered to be good by
a conventional coordinate conversion scheme, the technique
described in this paper (using four stations) provides a
conservative one-half mile average increase in navigational
accuracy.

Conclusions

The technique presented in this paper provides a means
of simultaneously combining redundant hyperbolic lines of
position and performing coordinate conversion. The tech-
nique converges rapidly and is simple enough to be imple-
mented on a small airborne digital computer. The im-
provement in accuracy that this technique offers over con-
ventional coordinate conversion using only three stations
is significant for the OMEGA navigation system. As a
by-product of the technique, the covariance of the geodetic
estimation errors is available as part of the iteration equations.
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Fig. 4 Longitude
accuracy plots (three

stations).

Appendix A: Equation Development
for the Newton-Raphson Scheme

The equation development and the geometrical approxima-
tions used for the Newton-Raphson scheme follow. The
partial derivatives of V of Eq. (8) are given by

(Al)

Hence, the problem is reduced to expressing the vectors
S\,S<i>,S\\,S\4>, and S<M> in simple terms of known or approxi-
mately known quantities.

The ^th component of S is

Mow consider the rectangular coordinate system of Fig.
6 defined at the present position X and $.

Figure 6 provides

Likewise

= lim'Ad/Az = — cos0i

= lim Ad/Ay = — sin0;

For large transmitter to receiver distances, 0,- is essen-
tially constant in the region of interest. Hence

= 0 (A2)

and
0 (A3)

Thus, the terms involving $x\, $x<£, and S^ in (Al) can be
neglected.

NOTE: COMPARISON STATISTIC IS R.S.S OF LATITUDE
AND LONGITUDE STANDARD DEVIATIONS

150 130 110 90 70
LONGITUDE (DEGREES)

Fig. 5 Accuracy improvement of four vs three stations.

Considering the earth to be a perfect sphere for evaluating
the partial derivatives provides

and

= — R cos<£

= R

(A4)

(A5)

Thus, the necessary partial derivatives of the vector S are
expressable as a simple function of the approximately known
latitude angle and transmitter azimuth angles. In detail

and

= -(R/c) cos<Kcos0i+1 - cos0i)

in0,-+i - sin0i)

(A6)

(A7)

Jacobian Inverse

The implementation of this scheme requires the inverse of
the Jacobian matrix given in Eq. (11). It is asserted that
the inverse of this matrix always exists at (\,$) if at least
three stations have different azimuth angles and operation
is restricted away from the earth poles. The proof of this
statement follows.

From Eqs. (11) and (12) J is equal to

~S\
-S\

(A8)

For nonzero cri} <£> and <i>~~1 are positive definite. The
Jacobian J is therefore positive definite if the rank of [>Sx-:^]
is two. But assume

'-(R/c) cos0(cos02 - cos0i) (#/c)(sin02 - sin0i)

-(R/c) cos<Kcos0w - cos0i) (R/c)(sindn - sin0i)_

is of rank one, 0i, 02, and 03 are the different angles, and opera-

Fig. 6 Local coordinate system»

ith TRANSMITTER



DECEMBER 1969 ESTIMATION AND CONVERSION FOR RADIO NAVIGATION

tion is restricted away from the poles, i.e., cos<£ F^ 0.
for some constant a, 0 < a < 2ir

Then

— sin ft)

for i = 1,2. In other words

sina cosft-+1 — cosa sinft-+1 = sine* cos ft — cosa sinft

or

sin (a — 02) = sin (a — ft) = sin (a — ft)

Since the sine function is double valued in the interval [a, a +
2ir], two of the azimuth angles must be equal. But, this is a
contradiction. Hence, if operation is restricted away from
the earth poles and at least three stations have different azi-
muth angles, then J($,X) is nonsingular.

Appendix B : Error Analysis

It is asserted that for small measurement noise, the co-
variance of the geodetic estimation error is the inverse of the
Jacobian matrix in Eq. (11). To prove this, let e be the
(n — 1) X 1 vector of time difference errors with ith com-
ponent

— ti — (l/c)(di+i — i = 1,2,3, . . . ,n — 1
mustFrom Eqs. (9) and (10), the estimates ^(e) and

satisfy

= 0

and

for all e. Differentiating these equations with respect to the
first component of t provides

and

7XX5X/5&! + 7x^50/58! + 57x758! = 0

58!

(Bl)

(B2)

Repeating the differentiation with respect to the remaining
components of t provides the matrix equation

where

^ dX "I
i 582 ' ' ' 5Sn_! J

«, = |~50_ 5^ 50 1
€ L.5Si 5S2' ' ' 58n_! J

v v = r^z* *i* ...*?*.
From Eq. (11),

j _

Since / is symmetric and nonsingular for all cases of
interest,

Now, consider a Taylor series expansion of X and </> about

e = 0.

and

5X

- *(0) =
8 = 0

2323

(B5)

(B6)

Neglecting 0(S;2) terms for small noise, we have

The expected value of AX and A<^> is zero for zero mean
measurement noise. The covariance of AX and A$ is

o (B7)

where E is the expected value operator. However

(B8)
Substituting (B8) and (B4) into (B7) provides

AXA01 _ r-if^'xsl^ry y U-i
~

where the right-hand side is evaluated at e = 0. Since

and

it follows that

Fx

"1
0
0
0

_0_

1

• = s'x*->

, 8 = 0

1
0
0

_0_ 8 = 0

(BIO)
Continuing for all components of £ on both 7X and 7, pro-

vides

>' (BIDl ;

Substituting (Bll) into (B9) and observing from Eqs. (11)
and (12) that

|8=o
provides

AXA(/>"1 _ x2 " J
8 = 0

(B12)

for sufficiently small noise. The assertion of this section is,
therefore, verified.
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